A note on parabolic subgroups of a Coxeter group  by Qi, Dongwen
Expo. Math. 25 (2007) 77–81
www.elsevier.de/exmath
A note on parabolic subgroups of a Coxeter group
Dongwen Qi
Department of Mathematics, The Ohio State University, 231 West 18th Avenue, Columbus,
OH 43210, USA
Received 19 December 2005; received in revised form 15 March 2006
Abstract
The aim of this note is to prove that the parabolic closure of any subset of a Coxeter group is a
parabolic subgroup. To obtain that, several technical lemmas on the root system of a parabolic sub-
group are established.
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1. Introduction
A Coxeter system (W, S) is a group W and a set S of generators such that W has a
presentation of the form
W = 〈S|(st)mst = 1 for all s, t ∈ S〉, (1.1)
where mst = mts is a positive integer or ∞, and mst = 1 if and only if s = t . (A relation
(st)∞ =1 is interpreted as vacuous.)W is called a Coxeter group. The cardinality |S| of S is
called the rank ofW. The length l(w) of an element w ∈ W is the smallest number m where
w can be expressed as a product of m elements (counting repetitions) in S. We are mainly
interested in Coxeter groups of ﬁnite rank and assume |S| is ﬁnite in this note, although
some statements are still valid for inﬁnite rank situation.
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Given a Coxeter group W deﬁned as above, for a subset I of S, let WI be the subgroup
generated by s ∈ I and call it a special subgroup of W. At the extremes, W∅ = {1} and
WS = W . For any w ∈ W , wWIw−1 is called a parabolic subgroup of W. The parabolic
closure Pc(A) of a subset A ofW is deﬁned to be the intersection of all parabolic subgroups
containing A. It is believed that a parabolic closure is a parabolic subgroup, for example,
by studying the parabolic closure of some particular element or a subgroup of a Coxeter
group, Krammer [1] obtained some very interesting results of irreducible, inﬁnite Coxeter
groups. However, the author has not seen a proof in the literature that a parabolic closure
which, by deﬁnition, is the intersection of a collection of parabolic subgroups, must be a
parabolic subgroup. Perhaps the result closest to this aim is
Proposition 1.1. The intersection of two parabolic subgroups of a Coxeter group is a
parabolic subgroup.
This result appears in geometric form in [2] and a proof using algebraic argument is given
in [3]. However, the above proof does not establish the conclusion that a parabolic closure is
a parabolic subgroup. In this note, we use the general notion of root systems (see [4–6]) to
establish some technical lemmas on the root system of a parabolic subgroup and use them
to prove the following.
Theorem 1.2. The parabolic closure of a subset of aCoxeter group is a parabolic subgroup.
An alternate description of the parabolic closure is given in Section 3.
2. Preliminaries
In this section, we collect a few basic facts about the canonical representations of Coxeter
groups. Thematerials are taken fromChapter 5 of [5]. LetV be a vector space overR, having
a basis {s |s ∈ S} in one-to-one correspondence with S. Deﬁne a symmetric bilinear form
( , ) on V by setting
(s , t ) = − cos 
mst
. (2.1)
The value on the right-hand side is interpreted to be−1 whenmst =∞. Now for each s ∈ S,
deﬁne a linear transformation s : V → V by s =  − 2(s , )s . Then s is a linear
reﬂection. It has order 2 and ﬁxes the hyperplane Hs = { ∈ V |(, s) = 0} pointwise, and
ss = −s . We have the following.
Theorem 2.1 (Humphreys [5, p. 110]). There is a unique homomorphism : W → GL(V )
sending s to s . This homomorphism is a faithful representation of W and the group (W)
preserves the bilinear form deﬁned as above. Moreover, for each pair s, t ∈ S, the order of
st in W is precisely mst .
From now on, we write w() for (w)(), when  ∈ V and w ∈ W .
D. Qi / Expo. Math. 25 (2007) 77–81 79
The root system ofW is deﬁned to be the collection of all vectors w(s), where w ∈ W
and s ∈ S. An important fact about the root system is that any root  ∈  can be expressed
as
=
∑
s∈S
css ,
where all the coefﬁcients cs0 (we call  a positive root and write > 0), or all the
coefﬁcients cs0 (we call  a negative root and write < 0). Write + and − for the
respective sets of positive and negative roots. Then + ∩ − = ∅ , + ∪ − =  and
− = −+. The map from  to R = {wtw−1|w ∈ W, t ∈ S} (the set of reﬂections in W)
given by =w(s) 
→ wsw−1 is well-deﬁned and restricts to a bijection from + (−) to
R, and (wsw−1) = t, where t= − 2(, ). The following fact is important to us.
Proposition 2.2 (Humphreys [5, p. 116]). Let w ∈ W ,  ∈ +. Then l(wt)> l(w) if and
only if w()> 0.
3. Root system of a parabolic subgroup and the parabolic closure of
a set
First, we describe a lemma on the root system I of a special subgroup WI , where
I = {w(s)|w ∈ WI , s ∈ I }.
Lemma 3.1. I =  ∩ span{s |s ∈ I }. Here span means R-span.
It is obvious that I ⊂  ∩ span{s |s ∈ I }. When W is ﬁnite, arguments similar to that
given on p. 11 of [5] yield the reverse inclusion. In the case that W is of ﬁnite rank, the
nontrivial fact thatW is isomorphic to a discrete subgroup of GL(Rn) (n= |S|) implies that
 is a discrete set of V, which makes similar arguments work. However, Lemma 3.1 holds
even when |S| = ∞, as the following proof demonstrates. In fact, it follows from the basic
properties of Coxeter groups.
Proof of Lemma 3.1. We want to prove that  ∩ span{s |s ∈ I } ⊂ I . Pick an arbitrary
 ∈  ∩ span{s |s ∈ I }, > 0. Write  = c1s1 + · · · + cnsn , where ci > 0, si ∈ I ,
i = 1, . . . , n, si = sj when i = j . We assume n2, otherwise  = s1 ∈ I . Now use
induction on the length l(t) of t. Recall from Section 2 that t() = − 2(, ).
Notice that 1 = (,) =∑nj=1cj (, sj ), we know (, si ) > 0 for some i. A simple
calculation shows that si tsi = tsi () and we want to show l(si tsi)< l(t). First, it follows
from
t(si ) = si − 2(, si )< 0 (3.1)
that l(tsi)= l(t)−1 by Proposition 2.2 and hence l(si t)= l(t)−1. If si t(si ) > 0, then
(3.1) implies that t(si )=−si , i.e., si −2(, si )=−si ; hence, =si , contradicting
the assumption that n2. Therefore, si t(si ) < 0 and l(tsi ()) = l(si tsi) = l(si t) − 1=
l(t) − 2. The induction hypothesis now applies and the proof is completed. 
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Now we discuss parabolic closures. With the notation of Section 2, given K ⊂ S, write
	K for the set {s |s ∈ K}.
Lemma 3.2. If WI = wWJw−1 for some w ∈ W , I, J ⊂ S, then |I | = |J |, and
w0(	J ) = 	I for some w0 ∈ wWJ , so I = w0Jw−10 .
This lemma is stated and proved in Section 3.4 of [7]. The proof given there is mainly
combinatorial (without using root system), although some topological considerations (of
connected components separated by some “walls” of the corresponding Cayley graph) are
used. Here we give another proof.
Proof of Lemma 3.2. We employ a few basic facts of Coxeter groups (see [7, Chapter 3]).
First, if xtx−1 ∈ WK , where x ∈ W , t ∈ S and K ⊂ S, then xtx−1 = w1sw−11 for some
w1 ∈ WK and s ∈ K; that is, if a reﬂection of a Coxeter groupW lies in a special subgroup
WK , it is indeed a reﬂection in WK (considering WK as a Coxeter group by itself). Second,
wWJ = w0WJ , where w0 satisﬁes that l(w0t) = l(w0) + 1 for any t ∈ J , i.e., w0 is the
shortest element in wWJ .
Now using the above w0, we have WI =w0WJw−10 . It follows from the correspondence
of root system and reﬂections in the Coxeter group W that I = w0(J ). Comparing the
maximal numbers of linearly independent positive roots in these sets (by the choice of w0,
w0(t ) > 0, for t ∈ J ), we have |I | = |J |. The fact I = w0(J ) implies each element of
I is a positive or negative linear combination of w0(	J ), so 	I = w0(	J ), and hence,
I = w0Jw−10 . This ﬁnishes the proof of Lemma 3.2. 
Lemma 3.3. If WIwWJw−1 and wWJw−1WI , then WI ∩ wWJw−1 = xWKx−1
with |K|<min{|I |, |J |}.
Proof. The statement that WI ∩ wWJw−1 = xWKx−1 for some x ∈ W and K ⊂ S is
guaranteed by Proposition 1.1. Since xWKx−1 =x0WKx−10 ⊂ WI , where x0 is the shortest
element in xWK , any root corresponding to a reﬂection in x0WKx−10 lies in I , that is,
x0(K) ⊂ I . Comparing the maximal numbers of linearly independent positive roots in
these sets, we have |K| |I |.
Notice that x0() = , it follows from Lemma 3.1 that
x0(K) = x0( ∩ span	K) =  ∩ span{x0(	K)}.
If |K| = |I |, noticing that x0(	K) ⊂ I and span{x0(	K)} ⊂ span	I , we would have
I =  ∩ span	I =  ∩ span{x0(	K)} = x0(K),
and hence, 	I =x0(	K), WI =x0WKx−10 =xWKx−1, contradicting the assumption of the
lemma. Hence |K|< |I |. Similarly, |K|< |J |. Therefore, |K|<min{|I |, |J |}. 
Another description of the parabolic closure is
Theorem 3.4. The parabolic closure Pc(A) of a subset A of W is the parabolic subgroup
wWJw
−1 containing A, for |J | minimal.
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This is now obvious. The statement that the above mentioned parabolic subgroup is
contained in any parabolic subgroup containing A follows from Lemma 3.3 and the fact
(whose proof is essentially contained in the proof of Lemma 3.3) that if xWKx−1 ⊂ WI ,
then |K| |I | and if xWKx−1 is a proper subgroup of WI , then |K|< |I |.
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